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DEGREES OF MAPS BETWEEN ISOTROPIC GRASSMANN 

MANIFOLDS 


SAMIK BASU AND SWAGATA SARKAR 

Abstract. Let l 2 n,k denote the space of fc-dimensional, oriented isotropic sub¬ 
spaces of called the oriented isotropic Grassmannian. Let /: l 2 n,k —t l 2 m,i be 
a map between two oriented isotropic Grassmannians of the same dimension, where 
k,l > 2. We show that either {n,k) = (m,l) or deg / = 0. Let denote the 

oriented real Grassmann manifold. For k,l >2 and dim/ 2 „_fc = dimRGm.z, we also 
show that the degree of maps g: KGm.z l 2 n,k and h\ l 2 n,k —t RGm,; must be 
zero. 


1. Introduction 

It has been proved in [5] that maps between two different oriented real Grassmann 
manifolds of the same dimension cannot have non-zero degree, provided the target 
space is not a sphere. A similar result is obtained for complex Grassmann manifolds 
in [1], when the map is a morphism of projective varieties. For arbitrary maps, this 
result has been verihed for the complex Grassmann manifolds for many cases in [5] 
and [S]. 

In this paper we consider the analogous question for the space l2n,k of oriented 
/c-dimensional isotropic subspaces of a symplectic vector space of dimension 2n. The 
oriented isotropic Grassmannian was considered in |3] and its cohomology was com¬ 
puted with real coefficients. Their method involves identifying l 2 n,k as a homogeneous 
space l2n,k — U{n) / {SO{k) xU{n—k)). One may similarly consider /2n,fc, the isotropic 
Grassmannian of fc-dimensional isotropic subspaces of a symplectic 2n dimensional 
vector space, which is ~ U{n)/{0{k) xU{n — k)). It turns out that the isotropic 
Grassmannian is orientable if and only if fc is odd m)- In this paper we consider 
maps between oriented isotropic Grassmannians of the same dimension and prove 

Theorem 1.1. Let n,k,m,l be integers such that 2 < I < m and dim/ 2 „,fc = 
dim /2m,u Let f: l2n,k -t Then either (n, fc) = (m, /) or deg / = 0. 
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(see Theorem 14.Ij) . Note that I^n,! — and so it is possible to get maps of 

arbitrary, non-zero degree, 0 : l 2 n,k —t / 2 m,i whenever dim(/ 2 n,A:) = 2m — 1. We also 
prove 

Theorem 1.2. Consider maps h: l 2 n,k —^ and g: —)■ l 2 n,k, where 2 < 

I < m, 2 < k < n and diml 2 n,k = dimMGm,«- Then degg = degh = 0. 

The main technique used to prove the statements above is the result that if / : 
X ^ Y (with dimX = dimT) is a map of non-zero degree, then f* : H*{Y]Q) —)■ 
H*{X] Q) is a monomorphism. We obtain some results on the structure of the coho¬ 
mology ring of l 2 n,k to deduce the above theorems. 

The paper is organised as follows. In section 2 we recall the description of the spaces 
l 2 n,k and l 2 n,k and express them as homogeneous spaces. In section 3 we compute the 
cohomology of l 2 n,k- In section 4 we prove the main theorems. 

2. Isotropic Grassmannian 

In this section we set up the relevant notation and describe the isotropic Grass¬ 
mannian as a homogeneous space. For F = M or C and n G N, let F” denote the 
n-dimensional F-vector space (upto isomorphism). Further, let M(?7,,F) denote the 
group of linear maps F'^ —)■ F'^, and let GL(n, F) denote the group of automorphisms 
F” —)■ F'^. Let U{n) := U{n]C) denote the group of unitary linear transformations 
C" —)■ C”, and 0{n) := 0{n] M) denote the group of orthogonal linear transformations 
M" M”. 

Choose a symplectic form 00 on Let Sp{n) := Sp{n] M) denote the set of linear 
transformations which preserve this symplectic form uj. Choose a basis 

03 = (ei, • • • , e„; /i, • • • , /„), of such that with respect to this basis, u can be 
written as : 

to = dei A dfi + ■ ■ ■ + dCn A df„. 

We coordinatise with respect to this basis and identify with C" via the 
following map: 

r: ^ C" 

(^1) ■ ■ ■ ) Vli ' ' ' ) Vn) ' t {X\ -|- tyi, ' ' ' ; Xn T Wn) 

Then, r induces a map M(n; C) —?■ M(2n; M). By abuse of notation, we will also 
call this map r. Let Sp{n) := 5'p(n;M) G M(2n; M) denote the set of isomorphisms 
which preserve the symplectic forms to. Then the image of U (n) under r lies in Sp{n). 
Hence the usual action of U{n) on C'’ induces an action of U{n) on via symplectic 
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morphisms. 

Define the isotropic Grassmannian, l 2 n,k, to be the space of /c-dimensional isotropic 
vector subspaces of Then one has the following proposition. 

Proposition 2.1. The isotropic Grassmannian, l 2 n,k, 'i-s diffeomorphic to the quotient 
U{n)/{0{k) X U{n-k)). 

Proof. Note that U{n) acts on l 2 n,k- Consider any A;-dimensional isotropic subspace, 
V C Via the identihcation of with C^, the complement, denoted by W 

say, oiV®iV with respect to the form cu, is a complex subspace of C"'. Moreover, 
{y © iV) © IV = C"’ is a decomposition with respect to the standard Hermitian inner 
product on C”. 

Now, given any two /c-dimensional, isotropic subspaces V and V', one has identih- 
cations : 

{V ®iV)®W ^ C" 
y © iV) © IV' ^ c” 

Therefore, one can choose an orthogonal transformation ip: V ^ V', which takes V 
to V and an isometry which takes IV to IV'. Since p is orthogonal, ip will take 
iV to iV. Thus one obtains an isometry C” to C” which takes V to V', and hence, 
the action of [/(n) is transitive. 

Let Vfc denote the /c-dimensional subspace of generated by the basis vectors 
ei,--- ,efc. Then any isometry A G f/(n) with A(Vk) = Vf, is orthogonal when 
restricted to I 4 . Additionally, it gives isomorphisms 14 © *14 Vk® iVk and (14 © 
’iVk)'^ (14 © Therefore, the stabilizer of Vk is 0{k) x U{n — k). 

□ 

It follows that l 2 n,k is a 2k{n — k) + [k{k + l)/2]-dimensional manifold. In fact, for 
k = 1, l 2 n,k is the real projective space, One notes that l 2 n,k is orientable if 

and only if k is odd (PP). 

We consider l 2 n,k, the space of fc-dimensional, oriented, isotropic subspaces of 
called the oriented isotropic Grassmannian. The oriented isotropic Grassmannian, 
l 2 n,k^ is again a 2k[n — k) + [k{k + l)/2]-dimensional manifold. As in Proposition 12.11 
one has: 

Proposition 2.2. The isotropic Grassmannian, l 2 n,k, is diffeomorphic to the quotient 
U{n)/{SO{k) X U{n-k)). 
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3. Cohomology of the Oriented Isotropic Grassmannian 

In this section we compnte the cohomology of the oriented isotropic Grassmannian, 
l2n,k- The cohomology with M coefficients was compnted in [3] using formulas for the 
real cohomology of homogeneous spaces. We compute the same algebraically, fixing 
appropriate notation along the way. We use the Serre spectral sequence and the 
following fibrations: 

hn,k —t BSO{k) X BU{n - k) ^ BU{n) 

U(n) — ^ Y2n,k BSO{k) X BU{n - k) 

The hrst hbration induces the Serre spectral sequence with term given by 

(3.1) = H^{BU{n)- Q) 0 H‘^{l 2 n,k] Q) 
which converges to H'P^^{BSO{k) x BU{n — k);Q). 

The second hbration induces the Serre spectral sequence with term given by 

(3.2) Ef’'? = H\U{n)- Q) (g) HP{BSO{k) (g) BU{n - fc); Q) 
which converges to H^^^{l2n,k'i Q)- 

It is well-known m) that 

H*{BU{n - k);Q) = Q[ci,C 2 , • • • ,Cn-k] 

where q G H‘^^{BU{n — /c); Q) is the Chern class of the universal complex [n — k)- 
plane bundle 'jn-k', and, 

H*{U{n)] Q) = Aq[xi,X3, ■ ■ ■ ,X 2 n-l] 
where Xi G H^{U{n)]Q) and A denotes the exterior algebra. 

For odd k (= 2m -|- 1) 

H*{BSO{k)-Q)^Q[p,,P 2 ,--- ,Pm] 

where Pi G H^''{BSO{k)]Q) are the Pontrjagin classes of the universal oriented k- 
plane bundle ^k- For the case k = 2m 

H*{BSO{k);Q) = Q{pi,P2, ■ ■ ■ ,Pm-i,ek] 

where G H^{BSO{k)] Q) is the Euler class of ^k- In this case one has Pm{^k) = 

Note that the inclusion SO{k) xU{n — k) C U{n) is induced by (M^ (g) C) © = 

C". It follows that on classifying spaces BSO{k) x BU{n — k) —)■ BU{n) classihes the 
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complex bundle ( 8 ) C © 7 n-fc- Hence we have a commutative diagram of fibrations 
U{n) -- T 2 n,k -- BSO{k) X BU{n - k) 

(^fcig)C)®7„_fe 

u[n) -- EU(n) -- BU{n) 

This induces a diagram of spectral sequences which we may use to compute the 
differentials in 13.21 Let A* denote the homomorphism from the spectral sequence 
AQ(a;i, Ts • • •) © Q[ci, C 2 , • • ■ ] Q) to 13.21 As the classes X 2 i-i are trans¬ 

gressive with d 2 i{x 2 i-i) = Ci, so are the classes A*(x 2 j-i). Therefore we obtain 

d{x 2 i-l) = 

= Ci((^fc©C) © 7 „_fc) 

(3.3) = <8 C)Q_j( 7 „_fc) 

Proposition 3.1. Let 2 < k < n. If k < n, the cohomology groups H'^{l 2 n,k) o,re 0 
if i < 3 and H'^{l 2 n,k) is generated by pi. In the case k = n, the cohomology group 
H^{l 2 n,n) is isomorphic to Z and II'^{l 2 n,n) is zero. 

Proof. For k = n, the space l 2 n,k — U{n) /SO{n), thus the fundamental group and 
hence is = Z. Otherwise in the spectral sequence 13.21 one has a class Ci in . 
In degrees < 3 the spectral sequence 13.21 is = /\{xi,x^) © Q[ci] and from 13.31 we get 
that d 2 {xi) = Cl. Hence the only possible class in H*-^ is X 3 . 

Note that 13.31 also gives di^x^) = C 2 +pi iik >2 and ^ 4 ( 0 : 3 ) = C 2 if fc = 1. Thus we 
conclude that is 0 if /c < n, and if in addition n > k > 2 then Lf^(/2n,fc)(— Q) 

generated by pi. In the case k = n, ^ 4 ( 0 : 3 ) = pi, and hence LF^(/ 2 n,fc) becomes 
zero. □ 

We may compute further in the spectral sequence 13.21 Notice that the formula 13.31 
is of the form d{x 2 i-i) = Cj + • • • and so the class c* is not zero ii i < n — k. Thus the 
elements d{xi),d{x 3 )... d{x 2 (n-k)-i) form a regular sequence in E^’^. It follows that 
no multiple of X 2 j-i, for j <n — k, can be a permanent cycle. Therefore any positive 
degree classes surviving to the i?oo-page must have degree > 2{n — k) + 1. In fact we 
have the Proposition 

Proposition 3.2. Suppose 2 < k < n. The cohomology algebra Lf*(/2n,fcj Q) ^^s 
algebra generators pi, - ■ ■ ,Pm in degrees 4, 8 , • • • when k = 2m + 1 zs odd. If k = 2m 
there is an additional generator Cm in degree 2m that satisfies e^ = Pm- Other algebra 
generators are in degrees > 2 {n — k) + 1 . 
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Proof. In view of the discussion above it suffices to prove the hrst two statements for 
the horizontal 0-line Note that for j odd, the equation 13.31 gives 

0 / 2 ] 

d{x 2 j-l) = Cj + '^piCj-21 
1=1 

Inductively we conclude that d 2 j{x 2 j-i) = Cj. We have ^ 2 ( 0 : 1 ) = ci and thus ci is 0 
in the E^-page. Inductively Cj_i is 0 in the group E^Z^’^. Hence, the equation above 
implies d 2 j{x 2 j-i) = Cj as the other Codd<j-i are 0 in E 2 j. It follows that Cj is 0 in 

E2j+1- 

The remaining classes in the horizontal 0-line are Pi , C 2 j and if k is even. The 
remaining differentials are generated by 


j 

d{Xij-l) = y^^PlC2j-2l 
1=0 


Hence the horizontal 0-line is the graded algebra A(n, k) below. The Proposition now 
follows from Lemma 13.31 and [5] . □ 


Let 'M.Gn,k denote the oriented real Grassmannian of all fc-dimensional oriented 
subspaces of M". As a space this is ~ SO{n)/SO{k) x SO{n — k). Let CGn,k denote 
the Grassmannian of /c-planes in C"’. Dehne the graded algebras A{n, k) for n > /c as 
(with notations as above) 


A{n, k) = < 


V 


Q[P1.-" ,Pm,C2,C4,"- ,C„-2m-2] 

{d{x2,),...,d{^27i-l)) 
Q[P1>-" ,Pm,C2,C4,--- ,Cn-2m-l] 

(d(x3),...,d(x2„-3)) 

Q[Pl)"' ,^771 —1 ,C4)--- ,Cn —2m] 

(d(x3),...,d(x2n-l)) 

(d(x3),...,d(x2n-3)) 


if n is even, k 
if n is odd, k - 
if n is even, k 
if n is odd, k - 


Lemma 3.3. There are isomorphisms of graded algebras 

a) A( 2 s, 2 m + 1 ) = H*/\CGs-i,m; Q) 

b) A(2s + 1 , 2 m + 1 ) ^ Q) 

c) A{2s, 2 m) = H*(KG 2 s+i, 2 m', Q) 

d) A{2s + 1 , 2 m) = H*{M.G 2 s+i, 2 m', Q) 


: 2 m -|- 1 
2 m -|- 1 
: 2 m 
2 m 


Proof. This follows from the computation of the cohomology algebras of the Grass- 
mannians using (with Q coefficients) : 

H*{CGn,k) = H*{BU{k)) 0 H*{BU{n - k))/{H+{BU{n)) 

and if n is odd. 

H*{RGn,k) = H*{BSO{k)) 0 H*{BSO{n - k))/{H+{BSO{n)) 


□ 










DEGREES OF MAPS BETWEEN ISOTROPIC GRASSMANN MANIFOLDS 


7 


Remark 3.4. One may compare this to the expression obtained in [3]. Observe that 
the ring of characteristic classes A of the principal bundle U (n) —)■ l 2 n,k matches the 
graded algebra A{n, k) above. Note that the cohomology of l2n,k is ^0 A where A is 
an exterior algebra on classes in degrees d G Sn,k ([3], Theorem 1.7) with 

^ f {4[ ”-~^+i ] -)- _|_ 3^... ^ 2n — 3} if both n and k are even 

n,k - j ^ 4[^^^] + 3, • • • , 2n - 1} otherwise 

It follows that the Poincare polynomial of l2n,k is given by 

= PA{n,k){x)IideS^,^{l + 

which may be computed from the known formulas for complex and real Grassmanni- 
ans. 


Recall that height of a nilpotent element, x, in an algebra, is dehned to be the least 
positive integer n, such that x" 7 ^ 0 but = 0. 

Proposition 3.5. The height of the element, pi in H*{l 2 n,k) is t{s — t) for (n, k) G 
{( 2 s + 2 , 2 f + 1 ), ( 2 s + 1 , 2 t + 1 ), ( 2 s, 2 f), ( 2 s + 1 , 2t)} . 

Proof. Follows from Lemma 13.31 and Lemma 4 of [5] . □ 

4. Main results 

In this section we consider the question of possible Brouwer degrees of maps 
f'■ hn,k —t l 2 m,i , where l 2 n,k and l 2 m,i are oriented isotropic Grassmannians, such 

that dim Jan,fe = dim Jam,/- 

Note that when I = 1 , the space Jam,/ — U{m)/U{m — 1 ) ~ Also note that 

dim Jan,fc (= 2k{n — k) + MMdl) jg jf ^^d only if /c = 1, 2 (mod 4). In these cases 
(dimJan,fc = 2m — 1) given any A G Z, there exists a map /a: l 2 n,k —^ 5 ' 2 m-i with 
deg fx = A. We prove that these are the only possible cases of non zero degree. 

Theorem 4.1. Let n,k,m,l be integers such that 2 < k < n and 2 < I < m and 
dimJan,fc = dim Jam,/- Let f: Jan,fc -t hm,!- Then either {n,k) = {m,l) or deg f = 0. 

Proof. Suppose n = k and m = 1. Then dim Jan,fc = dim Jam,/ implies n(n + l)/2 = 
m(m + l)/2 and it follows that n = m. Note that the space J 4 ,a — U{2)/SO{2) is an 
oriented manifold of dimension 3. Observe that k >2 and n ^ k implies dim Jan,fc > 4. 
Hence dim Jan,fc = dim Jam,/ implies (n, k) = (m, 1) if n = k,m = I or one of (n, k) or 
(m, 1) equals ( 2 , 2 ). 

Gonsider the case where n = k, n > 2 and m ^ 1. We use the fact that if deg / 7 ^ 0 
then /* is a monomorphism on cohomology with rational coefficients. By Proposition 
13.11 JJ'^(Jan,n) = 0 and JJ^(J 2 m,/) 7 ^ 0. Hence deg / = 0. In the case n ^ k, m = I and 
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m > 2, we have, again by Proposition 13.li that ^ and H^{l 2 n,k) = 0. 

Therefore deg / = 0. 

Now we proceed to the more general case 2 < k < n and 2 < I < m. Consider 
/*: H*(l 2 ra,hQ) -t H*{l2n,k]Q)- Since pi i^ the generator of H^(l 2 ra,hQ) we must 
have (denote by pi(m, /) the class pi G H^{l 2 m,h Q)) 

f*pi{m,l) = Xpi{n,k) 

By Proposition 13.51 the height of pi(n, k) is [k/2][{n — k)/2] and the height of pi{m, 1) 
is [//2][(m — l)/2]. ( Here, [f] denotes the integral part of t.) 

If deg / 7 ^ 0 then /* is a monomorphism and so A 7 ^ 0. Moreover pi{m, ^ g 

implies 






m — 1 

< 

'k 


n — k 

_2 


2 

2 


2 


Since /* is a ring homomorphism, we have 


0 = 


'k 


n — k 

< 

'V 


m — 1 

2 


2 

2 


2 


Therefore [|][^^] = [|][^^]- Together with the equation 2k{n — k) + = 

21 {m — 1) + prove that it leads to a contradiction. Assume that k < I (there 

is no loss of generality in doing this.) The above equality implies l{m — 1) — 4 < 
k{n — k) < /(m — /) + 4. Rearranging terms we obtain —16 < {k — l){k + I + 1) < 16. 

As both k > 2 and / > 2 we have k + I + 1 > 5 and so the above inequality 
can hold only when k — I = 0 , 1 , 2 . Observe that k = I implies n = m so that 
(n, k) = (m, 1). Note also that {k — l){k + I + 1) must also be divisible by 4 being 
equal to k{n — k) — l{m — 1). If /c = / + 2, we have {k — l){k + I + 1) = 2(21 + 3) is 
not divisible by 4. If A; = / + 1 we have {k — l){k + I + 1) = 21 + 2 which is divisible 
by 4 only when I is odd. Therefore the allowed values of I are 3, 5, 7. 

Case 1 = 3: We have k = A and the equation 8 (n — 4) + 10 = 6 (m — 3) + 6 which 
implies 4n = 3m + 5. This implies m = 4s + l,?7, = 3s + 2 for some positive integer 
s. The equation = [|][^^] implies 2s — 1 = 2[^^]. But the LHS is bigger 

for s = 1 and the RHS is always bigger for s > 1. 

Case 1 = 5: We have k = 6 and the equation 12 (? 7 , — 6 ) + 21 = 10(m — 5) + 15 
which implies 6 n = 5m + 8 which has the only solution m = 6 s + 2,n = 5s + 3. The 
equation [|][^^] = [|][^^] implies 3[^^] = 2(3s — 2). The LHS is always bigger 
for s > 0 . 
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Case 1 = 7: We have k = 8 and the equation 16(?7, — 8 ) + 36 = 14(m — 7) + 28 
which implies 8n = 7m + 11 which has the only solution m = 8s + 3,n = 7s + 4. The 
equation [|][^] = [|][^] implies 4[^] = 3(4s - 2). For s = 1 , the LHS is 4 and 
the RHS is 6 . For s > 1 the LHS is bigger. 

□ 


The arguments in the above case can be extended to prove the following: 

Theorem 4.2. Consider maps h: l 2 n,k —t and g: t l 2 n,k, where 2 < 

l<m,2<k<n and diml 2 n,k = diniMGm^i. Then degg = degh = 0. 

Proof. Note that when I = 1, MGm,z — S^~^. Hence there exists a map hx'. I 2 n,k —t 
of any degree A G Z whenever dim(J 2 „^fc) = m — 1. Similarly, we have a map 
gx'. KGm,z — )■ hn,! of any specified degree A whenever dim(MGm,z) = 2 n — 1 . 

li n = k = 2, dim/ 2 n,fc = dimMGm,/ = 3 implies either / = 1 or m — / = 1 . Since 
is diffeomorphic to 'M.Gm,m-i, both these cases reduce to the cases discussed in 
the previous paragraph. 

Now consider the case where n = k > 2. Then, by Proposition 13.11 we have 
H'^{l 2 n,n) = 0 and 7 ri(J 2 n,n) = 0 , which respectively imply degh = 0 and deg^f = 0 . 

Henceforth we restrict ourselves to the cases 2 < k < n and 2 < I < m. Consider 
h*: H*(U.Gm,h Q) H*{l 2 n,k', Q)- Recall that H^fRGmX, Q) generated by pi which 
has order [//2][(m —/)/2]. By Proposition |331 order of pi G H‘^{l 2 n,k]Q) is [k/2][{n — 

k) /2] . And, h* takes pi G H^fRGmXQ) some multiple of pi in H'^{l 2 n,k',Q)- 
Therefore, as in the proof of Theorem 14.11 we have that if degh ^ 0, l{m — 

l) — 4 < k{n — k) < l{m — 1) + 4. Observe that dimJ 2 n,fc = dimMGm,z implies 

2k{n — k) + h(h +1)/2 = l{m — l). Hence the bound gives us k{n — k) + k{k + l)/2 < 4 
which is not possible if h > 2 and n > k. Therefore we have deg h = 0. The proof 
that deg^f = 0 is similar. □ 
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